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Abstract
A generic Lagrangian, in arbitrary spacetime dimension, describing the inter-
action of a graviton, a dilaton and two antisymmetric tensors is considered. An
isotropic p-brane solution consisting of three blocks and depending on four param-
eters in the Lagrangian and two arbitrary harmonic functions is obtained. For
specic values of parameters in the Lagrangian the solution may be identied with
previously known superstring solutions.
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Recent remarkable developments in superstring theory lead to the discovery that ve
known superstring theories in ten dimensions are related by duality transformations and
that there are alsoM -theory in 11d and F -theory in 12d that are useful in the study of the
moduli space of quantum vacua [1] -[6]. Duality requires the presence of extremal black
holes in the superstring spectra. A derivation of the Bekenstein-Hawking formula for the
entropy of certain extremal black holes was given using the D-brane approach [7]-[15]. In
all these developments the study of p-brane solutions of the supergravity equations play
an important role [16]-[37].
































It describes the interaction of the gravitation eld g
MN
with the dilaton  and with
two antisymmetric elds: F
q+1
is a closed q + 1-dierential form and G
d+1
is a closed
d+ 1-dierential form. Various supergravity theories contain the terms from (1.1).
















































is a at Minkowski metric,
;  = 0; :::; q   1; m;n = 1; 2; :::; d  q;
and
;  = 1; :::; D   d:





in the solution (1.2) are rational functions of the parameters













































d = D   d  2; ~q = D   q   2: (1.5)





























































































We obtain the solution (1.2) by reducing the Einstein equations to the system of algebraic
equations. To this end we introduce a linear dependence between functions in the Ansatz
(see below). The solution (1.2) consists of three blocks, the rst block consists of variables
y, another of variables z and the other of variables x and all functions depend only on x.
We shall call it the three-block p-brane solution.










































d+ 1-dierential form. If
~
d is related to d by (1.5) and
~
 =   (1.14)
then the solution for the metric (1.2) with the dierential form F (1.8) and the dilaton























































The three-block p-branes solution for the Lagrangian with one dierential form for
various dimensions of the space-time was found in [38]. It contains previously known
D=10 case [35, 8]. Equations of motion for the case of one form corresponds to equation




Note that the metric (1.2) describes also the solution for the action with the form F
q+1
replaced by its dual F
~q+1
with ~q + q+ 2 = D and ! ~ =  . One can also change two
forms F and G to their dual version without changing the metric (1.2).
To illustrate our method on a simple example we rst consider in Sect. 3 the simple
case when in (1.1) d = q and one has only two blocks in the metric. Then in Sect. 4
we derive the solution (1.2). In Sect. 5 we consider particular cases of the solution (1.2)
and obtain dierent known solutions. In Appendix the solution of the system of algebraic
equations is given.
3
2 Two block solution
To illustrate the method of solution in this section we consider the simple case when the




























































































































































We use the following Ansatz



































,  =0,1,...,d-1, 

is a at Minkowski metric, i; j =d,...,D.
































































































































































































) = 0 (2.29)






































We impose the following relations:
dA+
~




























































































































































are two independent functions we

















Therefore, the Ansatz (2.24) is consistent with the metric (2.25) only under condition
(2.48). Straitforward calculations show that for A, and  given by (2.42)-(2.43) and (2.44)




, satisfying equations (2.37) and (2.38),
equations (2.26) (2.27) are satised if we impose the condition (2.48).













































3 Three block solution
In this secction we consider equations of motion for the action (1.13). The Einstein












































































































) = 0; (3.4)























































































where ,  = 0,...,q-1, 

is a at Minkowski metric, m;n=1; 2; :::; r and ;  =1; :::;
~
d+2.
























































[(q   1)A+ (
~


























































dq(@A@B) + q(r   1)(@A@F ) +
~















































































d  1)(@A@B) + qr(@A@F ) + r(
~
d  1)(@F@B)]: (3.13)
For more details see [38]. Now one reduces the ()-components of (3.1) to the equation
(q   1)A+ (
~
















































(nm)-components of (3.1) to the following equation:
qA + (
~





















d(@A@B) + q(r   1)(@A@F ) +
~





































































































d  1)(@A@B) + r(
~























































B and D = q + r +
~
d+ 2 = d+
~
d+ 2.
The equations of motion (3.4) for a part of components of the antisymmetric eld are







C) = 0: (3.17)







) = 0: = (3.18)
































We have to solve the system of equations (3.14)-(3.19) for unknown functions
A;B; F; C; ; . We shall express A;B; F and  in terms of two functions C and . In
order to get rid of exponents in (3.14)-(3.19) we impose the following relations:
qA+ rF +
~
dB = 0; (3.20)
2+ 2
~
dB +  = 0; (3.21)
2C   2qA   = 0: (3.22)

































One rewrites (3.23) as
C = (@C)
2
;  = (@)
2
: (3.25)









C = 0: (3.26)




















>From equations (3.20), (3.21) and (3.22) it follows that A, B and F can be presented










































































Let us substitute expressions (3.27),(3.29)-(3.31) for ;A;B; F into (3.14)-(3.16). We
get relations containing bilinear forms over derivatives on C and  . We assume that
the coecients in front of these bilinear forms vanish. Then we get the system of twelve
quartic equations which is presented and solved in Appendix. The system has a solution









































To summarize, the action (1.13) has the solution of the form (1.2) expressed in terms of




if the parameters in the action are related by (5.56)
and the parameters in the Ansatz h and k are given by (3.36),(3.37).
10
4 Discussion and Conclusion
Let us discuss dierent particular cases of the solution (1.2). There is the relation (1.6)
between parameters  and  in the action (1.1). As a result the action corresponds to
the bosonic part of a supergravity theory only in some dimensions.
If D = 4 and q = d = 1 then one can take  =  = 1 and the action corresponds to




















This supersymmetric solution has been obtained in [21].
If  =  and q =
~







































This solution was obtained in [38]. It contains as a particular case for d = 10; q = 2 the






























































This solution has been used in the D-brane derivation of the black hole entropy [7, 8].
Note however that the solution (4.40) corresponds to the action (1.1) with the 3-form F
3
and the 7-form G
7
.
To conclude, a rather general three-block solution of the action (1.1) has been con-
structed. It contains as particular cases many known solutions. However the solution is
not general enough to include some known multi-block solutions. Further work is needed
to understand better the structure hidden behind the multi-block p-brane solutions.
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5 Appendix





































































































































































































































































































































































































































































































































































Now let us discuss the system of eq. (5.41)-(5.52). The action depends on the param-
eters D;; ; q;
~
d. We have used the parameter r instead of D which is dened from
q + r +
~
d+ 2 = D
Therefore our action (1.13) depends on ve parameters r; ; ; q;
~
d We have also two
parameters h and k in our Ansatz (3.9),(3.10). We substitute expressions (3.27),(3.28),
(3.32)-(3.34) into (5.41)-(5.52). Then we get the system of twelve quartic equations for
seven unknown variables r; ; ; q;
~
d; h and k. Using Maple V we found the solution of the



































(q + r +
~










d; h are arbitrary. Let us rewrite the solution in terms of parameters in the
action. >From equations (5.54) and (5.55) follows that h can be found from equations
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